The finite element computation of eddy current problems introduces numerical error. This error can only be estimated. Among all error estimators (EEs) already developed, two estimators, called residual and hierarchical EEs, proven to be reliable and efficient, are theoretically and numerically compared. Both estimators show similar behaviors and locations of the error.
I. INTRODUCTION

T
O EVALUATE the quality of numerical computation of low-frequency electromagnetic finite element (FE) problems, it is necessary to quantify the discretization error. However, for eddy current problems, the exact error cannot be calculated. Consequently, a lot of error estimators (EEs) have been developed. The local and global performances of a good estimator must be the same as the error. Among all EEs, some are based on energy minimization. Others, called equilibrated estimators, are based on the verification of the constitutive relations for magnetostatic problems. More recently, the residual a posteriori error estimator (REE) [1] - [4] and the hierarchical error estimator (HEE) [5] have been proposed. With the REE, all the terms weakly verified are evaluated to obtain an estimation of the error [4] . With the HEE, the error estimation is given using hierarchical higher order (HO) test functions (TFs) [6] in the FE formulation, either to evaluate some residues or to obtain HO solutions [5] . Both REE and HEE are theoretically and numerically compared here on eddy current test problems.
II. EDDY CURRENT PROBLEM: WEAK FE FORMULATION
The weak magnetic vector potential a-formulation of the eddy current problem in a domain , of boundary , is obtained from the weak form of the Ampère equation, i.e., [5] 
where F 1 ( ) is a curl-conform function space defined on ; (·, ·) and < ·, · > denote a volume integral in and a surface integral on , respectively, of the product of their field arguments; n is the unit normal on exterior to . Magnetic field h and electric current density j are related to magnetic flux density b and electric field e (in c ⊂ , with = c ∪ C c ), respectively, through the material relations h = μ −1 b and j = j s + σ e, with μ the magnetic permeability, σ the electric conductivity and j s the source current density in stranded inductors in s ⊂ C c . With the magnetic vector potential a defined via b = curl a and e =-∂ t a-grad v (∂ t is j ω with ω the angular frequency in the frequency domain), weak formulation (1) gives the a-v formulation (or A-ϕ formulation with notations of [4] and [5] )
with F 1 ( ) gauged in C c , and containing the basis functions for a as well as for the TFs a (at the discrete level, this space is defined by edge FEs; the gauge is based on the tree-co-tree technique); note that F 1 ( ) can be non-gauged if a proper resolution scheme is used [4] . Once a solution is obtained in a particular discrete function space with (2), it can be used a posteriori to estimate the associated error.
III. ERROR ESTIMATORS
To solve (2) is equivalent to minimize the energy, in this case both magnetic and electrical energies, in the whole domain . Consequently, the discretization error produced by the FE method can be expressed via the error on the energy.
With the a-v formulation, the local error on a and v can be written e a = a -a h and e v = v − v h , with a and ν the exact solutions and a h and v h the numerical ones. From these exact local errors, the exact global error norm can be written, involving error terms on magnetic energy and Joule losses, as
The exact local error, called ε P(ω) , can be evaluated with the same expression (3) with the integration domain reduced to the patch P(ω) of element ω. To carry out an adaptive mesh refinement, both exact global and local errors must be controlled. For that, two properties, the reliability (global) and the efficiency (local) are introduced by [4] and [7] 
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where C 1 and C 2 are two positive constants that depend only on the data of the problem, η is the global EE and η ω is the local EE on ω, for which two forms are developed hereafter. Normally, the global EE can be calculated via the form
For the reliability, (4a) shows that the exact global error ε is always bounded by the global EE η up to one constant C 1 . So, with a procedure of mesh refinement, if the global EE decreases, the exact error also decreases. For the efficiency, (4b) shows that, if the local EE η ω is larger in some areas, then the exact error ε P(ω) there is more important.
A. REE
Carrying out an ad hoc Helmholtz decomposition of (1) and using suitable interpolation operators and Cauchy-Schwarz inequality, the efficiency and the reliability of REE can be obtained [4] . For the a-v formulation, the REE η ω on FE ω ⊂ quantifies all the terms weakly verified in (2) via
with
Operator π h is the projection operator from H(div, ) in a discrete approximation space. Coefficients h ω and h γ stand for the diameter of the smallest sphere containing the element ω and the diameter of the smallest circle containing the face γ , respectively. Coefficients μ γ ,min and σ γ ,max represent the minimum value of permeability and the maximal value of conductivity, respectively, in the two elements sharing face γ . All these terms are to be evaluated on each FE ω. Terms (7a-b) quantify the error on the equations to solve. Term (7c) corresponds to the discretization error of the source term. Finally, terms (7d-e) evaluate the jumps (discontinuities) of the tangential component of h and the normal component of j through the element faces γ . Note that the REE η ω is written on an energy form, as shown in (3). The REE verifies all the physical properties that are imposed in the weak sense. Moreover, all the terms of the estimators represent an energy.
B. HEE
Once weak form (2) has been solved, it is evaluated with the corresponding solution with HO basis functions (BFs) a p ∈ F 1 p ( ) as TFs. This gives a left-hand side of (2) not equal to zero anymore, but defining a residue R p that can serve as a preliminary EE, called HEE [5] 
Hierarchical HO-BFs can be associated with edges, faces, and volumes of FEs [6] .
with n ab = n| ∂ω a =-n| ∂ω b the unit normal to γ ab exterior to ω a . Residue R p , calculated via (8), is, therefore, a union of two errors, pointed out by (9): an error on the equation to solve, via the volume integral term on ω a + ω b , and an error on the tangential continuity of h, via the surface integral term on γ ab . For an HO-BF a p associated with the volume of a FE ω a , thus with a zero trace on its boundary ∂ω a , the residue given by (8) is reduced to
Using TFs a = grad v in (2) (which is implicitly the case with edge FEs for a that contains the gradient of nodal FEs), weak form (2) becomes the weak form of div j = 0
with s some possible cross sections of conductors in c . A residue R v, p can be also defined for (11) when using HO TFs v p for v , being also equal to
Residue R v, p points out an error on div j = 0 on ω a + ω b and an error on the normal continuity of j on γ ab .
A useful additional step can consist in using R p as a source (right-hand side) for a local FE problem (limited to the FE support of each TF; thus allowing a fast computation [5] ), calculating the HO correction a p to be added to solution a for satisfying the HO weak formulation [5] 
This allows an error estimation directly relative to the scale of the solution (as for the REE), defining the norm of curl a p as the HEE, whereas R p is only relative to the other residues for the same mesh (the direct use of R p could define another kind of HEE). 
IV. COMPARISON OF ERROR ESTIMATORS
The two proposed estimators, REE and HEE, show some equivalences and differences. Both REE and HEE are proven to be reliable and efficient [4] , [7] .
Equivalences can be found mainly in all the volume and surface integral contributions involved in the estimators, where both weakly defined equations and interface conditions are evaluated to express their related contributions to the errors. For HEE, residues (9) and (10), acting as sources for the HO solutions, quantify, respectively, the error on the magnetic energy and the power losses. The HEE then evaluates also the error on the equation to solve and the discontinuities of the tangential component of h and the normal component of j through the FE faces. Only the REE term (7c) concerning the discretization error of the source term is not evaluated with the HEE, but this error is super-convergent.
Both estimators are different by definition, but a large part of this difference is contained in the constants C 1 and C 2 in (4a-b) introduced to prove the reliability and the efficiency.
A main difference appears regarding the weighting of the element contributions to the error, with coefficients defined as smallest element diameters for the REE while such coefficients are implicitly defined via integrations in each FE with the HEE. This gives differences, in particular in anisotropic meshes, i.e. with elongated FEs.
The REE asks for a direct evaluation of all the terms (7a-e), with possible practical difficulties of data management and field evaluations on FE volumes and faces for higher degrees, whereas the HEE requires to solve FE local problems, but with natural evaluations of fields without additional tools. The local nature of the FE problems allows a fast computation time.
Local contributions to the errors are related to each single FE with both REE and HEE. For each estimator, such element contributions in a given mesh or from one mesh to another can be compared, which is useful for mesh adaptation.
V. APPLICATIONS
A 2-D inductor-core system is studied as a test problem, with a conductive and/or magnetic core (width × height = 100 × 200 mm 2 ; relative permeability μ r,core , conductivity σ core ) surrounded by a stranded inductor (50 × 50 mm 2 ; gap with core 25 mm; frequency 50 Hz) (Fig. 1) . Three sets of physical characteristics are considered for the core (Fig. 1 , with field solutions): "Sta10" (μ r,core = 10, σ core = 0), "Dyn1" (μ r,core = 1, σ core = 10 7 S/m, skin depth δ = 22.5 mm) and "Dyn10" (μ r,core = 10, σ core = 10 6 S/m, δ = 22.5 mm); the parameters of "Dyn10" give a magnetic Fig. 2 . "Core-inductor" system (1/4th geometry): REE (left) and HEE (right) for problems "Sta10" (top), "Dyn1" (middle) and "Dyn10" (bottom); mesh size h, degree 1; EE increases from blue to red. nature to the core while keeping unchanged the skin depth of "Dyn1."
The mesh of the studied domain is first defined as a uniform mesh, with a reference FE size h = 10 mm and triangular FEs of degree 1. REEs and HEEs are calculated and illustrated in Fig. 2 (after smoothing their element-wise values for a  clearer representation) . The interest is given to their relative Fig. 4 . "Core-inductor" system: REE (left) and HEE (right) for problems "Sta10" (row 2), "Dyn1" (row 3) and "Dyn10" (row 4); from a coarse to a fine mesh density for the successive corners: bottom-left, top-left, bottomright and top-right corners (mesh shown at row 1, right, instead of the uniform mesh used before, at row 1, left); a significant EE is obtained at or through the coarsely meshed corner (magnetic core) or skin depth (conductive core). distributions for a given EE instead of their absolute values that cannot be directly compared between REE and HEE, whereas a direct comparison is possible for a given EE applied on different meshes (a property to be of interest for further mesh adaptation). For the three considered problems, the EEs show the same behaviors, i.e., a significant EE is obtained at the corners of the magnetic material or through the skin depth. Details of element-wise REEs and HEEs (with no smoothing) are shown in Fig. 3 along a particular mid-height horizontal line (along the bottom edge of the 1/4th geometry in Fig. 2 ) for different uniform mesh sizes (from coarse to fine mesh: 2h, h, and h/2), pointing out an equivalent decrease of the REEs and HEEs with the mesh size.
The mesh density of the studied domain is now nonuniformly distributed to give different accuracy levels of similar regions (e.g., 4 corner regions, 2 skin depth regions, 2 inductor sections) in the same problem, with FEs of degree 1. Both REEs and HEEs are shown in Fig. 4 , pointing out the large EEs in the regions with too coarse FEs, again with a strong equivalence: both EEs locate the same critical regions. With FEs of degree 2, an equivalent behavior is still obtained with REE and HEE, which is shown, for e.g., problem "Dyn10" with second-degree triangular FEs of size h (Figs. 5  and 6 showing the results of the same nature as Figs. 2 and 3 ).
VI. CONCLUSION
Equivalent behaviors have been discussed and obtained for both REE and HEE for 2-D FE eddy current problems. Both estimators allow in locating similar critical regions with significant error, which allows them to be used for mesh adaptation. The REE and HEE are directly applicable in 3-D.
